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The collective variables method with a reference system is developed for the case
of the grand canonical ensemble for a multicomponent continuous system. The
method is used to investigate phase transitions in a binary system. For a binary
symmetrical system the relations between microscopic parameters determining
the alternation of gas-liquid and separation phase transitions are found. The
functional of the grand partition function of the symmetrical mixture is
examined in the framework of parameters containing the separation point. The
system is described with two sets of collective variables: py, a set connected with
the gas-liquid critical point, and ¢,, a set connected with the separation
phenomenon. The fourfold basic density measure is constructed in cy-variable
phase space which contains the variable ¢, connected with the order parameter
of the system. It is shown that the problem can be reduced to the 3D Ising
model in an external field.

KEY WORDS: Multicomponent system; collective variable; symmetrical
system; gas-liquid and separation phase transitions; fourfold basic density
measure.

1. INTRODUCTION

In the last few decades much theoretical research has been devoted to the
problem of phase transitions, and powerful new methods have been
developed.' However, the problem remains of constructing a theory
which allows within a unified approach a complete description of the
phase behavior qf ulticomponent continuous systems beginning with the
Hamiltonian and ending with the thermodynamic functions in the neigh-
borhood of the phase transition point.
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In this paper we propose a new approach to the study of phase
instability in multicomponent fluids depending on the microscopic inter-
action between particles. It enables us to obtain both universal and non-
universal quantities. This approach is based on the method of collective
variables (CV) with a distinguished reference system (RS). Using this
method, we study the thermodynamic properties of a binary fluid in the
vicinity of the separation critical point. The present paper is devoted to the
first part of the investigation, namely, the derivation of the functional
of the grand partition function for an m-component continuous system, its
investigation in the Gaussian approximation for m =2, and the construc-
tion of the fourfold basic density measure for a binary symmetrical mixture
in the vicinity of a gas—gas separation critical point.

The method of collective variables was developed in ref. 5 and it
appears to be useful for the consideration of problems connected with
phase transitions. The point is that the statistical description of the phase
transition process is to be performed in the appropriate phase space specific
for a certain physical model. Among the independent variables of this space
there must be the ones connected with order parameters. This phase space
forms a set of CV. Each of them is a mode of density fluctuations corre-
sponding to the specifics of the model under consideration. In particular,
for a magnetic system the CV are variables connected with spin density
fluctuation modes, for a one-component fluid, with particle density fluctua-
tion modes. What is the content of the CV for a multicomponent system?
We answer this question below.

The CV method allows us to determine the explicit form of Ginsburg-
Landau—Wilson Hamiltonian and then to integrate the partition function
in the neighborhood of the phase transition point taking into account the
renormalization group symmetry.‘®

The use of the CV method for the solution of certain physical tasks in
refs. 5 and 6 and other work was limited to the canonical ensemble (CE).
But for the description of processes relating to a phase separation in a
multicomponent system in which composition fluctuations play the decisive
part (for example, the gas—gas or liquid-liquid phase equilibria for the case
of the binary system) the grand canonical ensemble (GCE) should be used.
On the other hand, the task of the development of the CV method for the
case of the GCE raises the problem of selecting the CV phase space which
includes the vanable connected with the order parameter. Therefore it is
necessary to introduce the GCE in the CV method in the case of the gas—
liquid critical point.!”

The layout of this paper is as foliows. The main aspects of the CV
method with a reference system for a multicomponent system in the GCE
are clarified in Section 2. In the process of calculation of the partition
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function integral it is an important task to find the Jacobian of the trans-
ition to CV, which is expressed as the cumulant (semiinvariant) expansion
into a series. It is shown that the nth cumulant is expressed in terms of
S, ...ylk1sn k), the nth structure factor of the RS. For the latter in the
limit k£;=0 one can obtain thermodynamic relations. As a result, the expo-
nent of the functional integral of the grand partition function gives the free
energy density of the system defined in the CV phase space. This energy has
the form of an infinite series in powers of CV. The coefficients of this
expansion are known. They are expressed in terms of the Fourier trans-
forms of the initial attractive potentials and thermodynamic functions of
the RS. As was already shown,®’ in the vicinity of the critical point a basic
density measure exists which includes higher powers of CV, including the
fourth. Our aim is to integrate the functional of the partition function of
the binary continuous system with a basic fourfold density measure in the
neighborhood of the separation critical point. In order to find the form of
CV connected with the phase transition and to understand the mechanism
of the phenomena which take place in the binary mixture we first consider
simpler calculations based on the use of the Gaussian density measure in
Section 3. In Section4 we construct the fourfold density measure with
respect to CV, which include a variable corresponding to the order
parameter for the separation phase transition. A brief summary and conclu-
sions paper follow in Section 5.

2. THE METHOD

Let us consider a classical multicomponent system of interacting
particles consisting of N, particles of species a,, N,, particles of species
a,,.., and N, particles of species a,,. The system is in a volume V' at
temperature T.

Let us assume that the interaction in the system has pairwise additive
character. The interaction potential between a y particle at r; and a ¢
particle at r; may be expressed as a sum of two terms:

“;ra(rij) = ‘/’ya(rij) + ¢ya("ij)

where ,5(r) is the potential of short-range repulsion, which is chosen as
the interaction between two hard spheres o,, and o:

r<a;,6

Y,s(r) = {go (2.1)

r?ay(;

822/81/3-4-8
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Fig. 1. The Fourier transform &(k)/|®(0)) of the attractive potential D 5(r), where @,4(r) =0
if r<o,sand @ (r)= —es{exp[ —2(r — R, s)fu,5] — 2 exp[ —(r — R,s)fa,;1} il r= 0.

¢,4(r) is the potential describing an attraction at long distances. ¢,s(r) has
the form of a potential well and is negative at large distances r. The
behavior of ¢,,(r) in the region of the core r < g,; must be determined from
the conditions of optimal separation of the interaction. The Fourier trans-
form &,(k) is negative for small values of k, min & (k)= ®,s(k=0)<0
and lim, _, ., @(k) =0. For a very broad class of potentials the general form
of qsy,,(k) is presented in Fig. 1.

We shall consider the grand partition function of an m-component
system

Ny

5= H [; '] j ~BUw (dI), y=ay, .., d,, (2.2)

{N} 20

The following notations are introduced here:

Yy =Y - ¥ (dn=[ldry,

{N}20 Nj20 N, 20

dI'y, is an element of configurational space of the yth species: dI'y, =
dr, dr, -dry,; z, is the activity of the yth species: z,=exp(Bu)), u,=
U, + " ln[(2nm7ﬂ "32/h*]; B is the reciprocal temperature ,B—(kT -1
m, is the mass of the yth species; & is the Planck constant; and

U{N} = UN"I +++ Na,,
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is the potential energy of an m-component system of N interacting particles
with N, particles of the a,th species, N, particles of the a,th species,
etc.:

Um=¥m+Pm (2.3a)

=12 2¥ulry) . (2.3b)
»o i

Pim =32 2, ulry (2.3c)
.6 i

The phase transition is an equilibrium process. Therefore we obtain
detailed information by calculating the grand partition function
E(T, V, Ly s Ua,)s (2.2). The chemical potentials are determined from

din =
——={(N, 24
=N (24)

where (N, is the average number of the y-species, which may be equal to
the given number of N, particles from the experimental conditions.

We find the equation of state of the system from the relation
PV=kTIn = and from Eq. (2.4). Having solved Eq. (2.4), it is possible to
find the free energy of a multicomponent system with the help of the
standard expression

F=—B"'In5+Y uXN,>
14

The correlation effects of different scales are connected with the potentials
¥,s(r) and @,5(r): the potential  4(r) describes the behavior of the particles
at very short distances and provides their mutual impenetrability. The
potential ¢.5(r), on the contrary, describes mainly an attraction between
particles which takes place at long distances. These effects are proportional
to different parameters. In order to investigate them simultaneously, it is
necessary to perform the considerations successively in two phase spaces.
First we write the grand partition function and the correlation functiens of
the RS in the phase space of Cartesian coordinates. A model m-component
system of additive hard spheres will be taken as the RS. Here the pair inter-
action will be described by the potential i,5(r). Then the grand partition
function of the initial system will be constructed in the collective variables
space by means of the RS functions. The phase space overflow will be can-
celed by introduction of the transition Jacobian.
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Let us introduce in (1.2) the RS and the grand partition function =,
corresponding to it:

=% 11 [M] [@nesp(-pp) @9

{N1=0

Here z,, is the activity of the yth species of the RS; for chemical potentials
Ho., we have the condition

dln 5,
dpug

where (N, >, are the given values.
Now we rewrite the attractive potential (2.3c) in Fourier space

={N,> (2.6)

B = ZZ B, 5(K)[ A x(K) prfl —K) — N, 3,51 (2.7)

yék

where 5,,5(1() is the Fourier transform of ¢,,(r), namely

S AT

5)'5(]() = J dry(S ¢y§(r75) exp(ikrré)y ryé = ldl. -r

d,s is the Kronecker symbol;
Ny
Pn(k) =) exp(—ikr}) (2.8)

i=1

Let us introduce CV pg ., p5 ., and p, , by means of the relations

55, (k) = [ 95,8005, — 33, (K)) dp§,, (2.92)
P (k) = [ 3,005, — P (K)) dpi., (2.9b)
N,={p.8(p,~N,) dp, (29¢)
where
Ny
P k)= Z cos(kr?), P (k)= Y sin(kr}) (2.10)

i=1 i=1

d(---) is the Dirac delta function.
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In contrast to the CE, we have introduced the CV p,, ,, connected with
the number of particles of the yth species.
According to (2.10), let us assume also that

c _ ¢ S _ __ .S
Pry=P _x s Pxy= P _xy

Let us distinguish in (2.2) the grand partition function of the RS =,

and represent & in the form Z=Z%,%Z,. Then, taking into account
(2.7)-(2.9), one can write =, in the form of the functional integral

El=fexp {ﬁZu?pa‘y-%Z Zaya(k)pk,,p_k.a} J(p) (dp) (2.11)
ha

»d k

The following notations are introduced here: a (k) =/ Vq'sw,(k), and
(dp) is the volume element of the CV phase space

(dp)=T1dp.., 1 dp,dp},
:

k#0

The prime means that the product over k is performed in the upper
semispace (it follows from p, ,=py ., —ipy, and p_,  =py  +ipy, that
Pi., and py . for positive values of k are independent variables). u] is the
additional chemical potential of the yth species:

ﬂ}l’ =luly _ug + % Z a;'r(k)
k
As chemical potentials x} in (1.11) are considered to be known, then the
additional chemical potentials x} are determined from

din=z,
apu

J(P)=J(pays Pazrs Pay) 15 the transition Jacobian to the CV which is
averaged on the RS:

(N,) (2.12)

Ny
Ap)=55" % T1| 4] [ exp(—p2im)
(N} 20 7 ¥

X 1_[ é(po.)v _N;v)
7

x T 8(pu,—pn(K) (2.13)
k
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The determination of the transition Jacobian J(p) is a very important
task in the calculation of the functional integral =,. Here we calculate it for

the GCE for the first time.
Substituting into (2.13) the explicit terms for delta functions, we get

Jp)=[J) [T exp <i2n ) vmpk,r> (dv)
y k

where the variables v, , are conjugate to the CV p, .

Viy =305, +v%,), i k#0
(dv)=T]] <dv,,,;, [T av;, dv;'y>
? k#0

J(v) is the Fourier transform of the transition Jacobian J(p), which
is analogous to the transition function appearing in the Hubbard-
Stratonovich representation®

N,
=53 H[NL‘;] [ (@) exp(~p# )
(N} 20 y y*
x [ exp [ iy vk_;,ﬁNy(k)} (2.14)
y k

Performing in (2.14) integration over the phase space of Cartesian
coordinates of the particles and summing over { N}, we may represent J(p)
in the form

J(p)=f(dv) exp[iZnZ R D) D,,(v)] (2.15)
y k

nzl

where
(—i2n)"
D(=—"— Y Y My (k. k,)
n: P K1 Kn
XV Vkars Vi Vi=dy, gy, (2.16)

Here 4, .., (k,,., k,) is the nth cumulant, which is determined from the
relation

.ﬂw - );"(kl 9oty kn)

_ d"1n J(v)
vy, Wiy Wy, Vi ;=0

(2.17)
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The cumulants 4, ..., (K., k,) are expressed as the sum of Fourier trans-
forms of correlation functions hm,,(k,, k,) and h (K1, k) and with
the help of

My Ky k) = (N, - AN, S, (K Ky)
)

ki+ - +ky

are connected with the n-particle partial structure factors S, .., (k,.., k,).
In particular, in the case of a one-component system of N particles the first
four cumulants have the form

My(ky) =N By,
My, k) =0y, i, NY[ 1+ (KNY/V) By(k,)]
MoKy 1o K3) =03 4y 1SN L1+ 3(CND/V) hofks)
+({NYV?) hiy(ks, k3)]
MKy k) =04 SN[+ AN /V) By(Ky)
+3({NY/V) ha(k, +K,) + 6({ND?/V?) hy(ks, k)
+({NY*/V?) hy(ky, K3, ky)]

It is known that near the critical point the density fluctuations increase
and the correlation radius becomes infinite. From this point of view the
limit k; — 0 in the cumulants is especially important. From (2.17), taking
into account (2.8), we obtain for the first four cumulants

My (0) =N,
My, (0, 0)= (N, =N, NN, — (N, YD
My 1,0, 0,0) = (N, =N, DNN,, =N HN,, — (N D)
My 3173700, 0, 0, 0) = {(N,,, — (N, DHN, — NN, — (N D) (2.18)

X(N)'4_<N;'4>)_ Z <(N)’i—<N)’i>)

1,2.3,4
ijhp=<1324
1,4.2,3

X(N)7_<N)']>)><( <Ny/>)( <Ny,,>)>

i
oW

Formulas (2.18) are useful from the point of view of possible numerical
experiments. However, there also exists another way of calculating

M. ,(0, ..., 0).
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It follows from (2.13) and (2.17) that the Nth cumulant at k=0 can
be found from

d"In J(v)

M =
dvy,, dvg - dvg

Vit ¥n

(0,.., 0)

V=0

B [ dn —1 < N}'|> :|
apuy dpus - - dpuyl v,z
Then the second cumulant has the form
d{N,> ]
dpuyy V, T.ugk

Using the algebra of matrices, for .4, (0, 0) we obtain

My,,,(0,0) = [ (2.19)

M,,(0,0)=5""B, /et B

yir2

where B is a square (m x m) matrix, the elements of which are

bylyz = (d#();l/d<Nyz> ) V,T.NYk

B, ,, is the algebraic adjunct of the element b, ,, of the matrix B. Higher
order cumulants can be obtained with the help of the recurrence formula

_[dH,..,,_(0,.,0)

M, (,..,0)=
apuy V. T )

Y- ¥n

(2.20)

The relations (2.19)-(2.20) allow us to express cumulants at k, =
k, = --- =k, =0 through the thermodynamic functions of the RS.

Let us consider now the determination of cumulants .4, .., in for-
mulas (2.11) and (2.14)~(2.15). In general the cumulants .#,, ., depend in
a complicated way on k;. The essential contribution to the partition
function comes from cumulants with wave vectors k; corresponding to the
attraction range of the potential @, ,(r). For one-component system this
is the range |k*|e[0,k], where for all |k;|>k* the inequality
1/4(k) > |®(k)| holds [.#(k)=NS(k), where S(k) is the structure
factor, &(k) is the Fourier transform of the attractive potential]; for an
m-component system the range [0, k*] is determined separately for each
particular m from the condition of negativity of the coefficient at a second
power of CV (connected with an order parameter) in the functional
Hamiltonian. As was already shown® for a one-component system in the
range ke [0, k*] the dependence of cumulants on k; is very weak and it
can be approximated by a parabola. The same conclusion follows from
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results obtained by Ashcroft and Langreth!!? for two-particle structure fac-
tors of the binary additive hard-sphere system. Hence in zeroth approxima-
tion constant values ., ..., (0,.., 0) can be substituted for .4, ..., (k,,.., k)
and in the first approximation the dependence on k of cumulants on the
binary correlation functions I~1w (K, k) can be taken into account. As a
result the functional of the grand partition function can be written as

5=50f(dp)(dv) exp {ﬂZMPoy XX 2“717’

YI.¥2

x pk.wp—k.)'z +i2n Z Z vk.ypk.y
y k

—_ 2 n
vy 22 T T 00
nzl “vn ky--
+ 0(k%)] Vieor " Vi Okr 4 - +k"} (2.21)

where in the exponent the coefficients of the v, , and p, , variables are
known.

We propose the following program of investigation: (1) to separate
under the integral in (2.21) the phase space of CV pf  (and corre-
spondingly v¥ ), which includes the order parameter; (2) to integrate over
CV p,, (and v, ,) which remain, using the Gaussian density measure as the
basic one; (3) as a result of the integration performed in 2, to obtain the
fourfold density measure with respect to the variables pi , and v§ . Having
performed this program, the problem of the phase transition in a multi-
component system can lead to an Ising-like problem for which a method
of solution was proposed in ref. 6.

3. PHASE TRANSITIONS IN BINARY SYSTEMS.
THE PHASE SPACE CHOICE

Let us consider a two-component continuous system of particles
among which there exist N, particles of species @ and N, particles of species b.
A gas-liquid phase transition and a separation phase transition in both gas
and liquid phases can occur in such a system. In order to understand the
mechanism of realization of these phase instabilities in the binary fluid
we shall perform first the simpler calculations based on the Gaussian
density measure. This truncation generates the well-known random-phase-
approximation (RPA) contribution to the free energy. We let n=2 and
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Y15 Yares Yo =a, b in formulas (2.5), (2.11), and (2.15)—(2.16). As a result of
the integration in (2.15) over variables v, , and v, ,, =, may be written as

2= 27 =4[] Undet AU [ (dp)exp| ~HO)+ T M0,
k

y=ab

"%Z Z a)'.ﬁ(k)pk.;vp—k‘rs] (3.1)

k 8

Here we introduced the following notations: .#(k) is (2 x 2) symmetrical
matrix, the elements of which are cumulants .#(k):

M (k)= NY[S,5+ {Ns>/Vh,s(k)]

=({N,D{Ns>)'" S s(k) (32)
H(0)=3Y (N YN[ A7'(0)],5 (3.3)
7o
M,=pui+ Y N[AH0)],s (34)
S=uab
a7.§=a),5(k)+[%_l(k)];.5 (3.5)

[# ~'(k}],s is an element of an inverse matrix.

As proposed in ref. 11, we separate the CV phase space which includes
the variable connected with the order parameter by diagonalizing the
square form under the integral in (3.1). As a result of the orthogonal trans-
formation

Pry= 2 4yl 7=ab (3.6)

=12

for the square form we have

=3 gi(k) & & v (3.7)
ik

where

&1,2= 3{dau + Ao + [(@0a —ay)* +4a2,) ]} (3.8)

(the + and — signs correspond to indices 1 and 2). The explicit forms for
4,; are given in Appendix A.

In the case of a binary mixture of particles of different sizes

(x=0,,/0,,#1) interacting through different attractive potentials

[ huu(r) # d4s(r) # das(r)] the dependences of values 4.,(k), &,(k), and &,(k)
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on RS characteristics and on the Fourier transforms &, ;(k) are com-
plicated. Therefore to study the possibility of the reahzatlon of gas-liquid
and separation phase transitions and their order of priority we shall
consider the simplest case, namely a symmetrical mixture. A symmetrical
mixture is a model system of equal-size particles (¢« =1) interacting via the
same attractive potentials between “like” particles [¢,,(r) = ¢,,(r) =¢(r)]
and via different attractive potentials between “unlike” particles [@(r)#
¢.(r)]. Although the symmetrical mixture represents a simple model of a
real binary fluid, it exhibits all three types of two-phase equilibrium which
are observed in such a system. The critical curves of this mixture are sym-
metrical with respect to the concentration x = 1/2 and exhibit an extreme
at this point. The concentration x = 1/2 is a critical one for the symmetrical
mixture. At xo=1/2, =1, &, = &,, = &; from the equations ¢,(0) = 0 and
£,(0)=0 we get the critical temperatures in the RPA (or mean-field
approximation):

o=, L(0)<

— Ay Y\ — c ? (
6—0,(3«()—{95_,’ 3(0)>0 (3.9a)
. 6*’" =Y(O)<0

0=05(x.)= {0“" 2(0)> (3.9b)

0;=kT¢

where

= —(p/2)[$(0)+D,(0)] S (0) (3.10a)
6:* = —(p/2)[ H(0) — B,,(0)] S_(0) (3.10b)
Z(0)=,,(0) S(0) + B(0) S,4(0) (3.11)

Here p is the density of the full system, and S,(0) and S_(0) are the
density—density and concentration-concentration structure factors,
respectively, of an equal-diameter hard-sphere mixture at k=0. At x=1/2,
S.(0) and S_(0) have the form

S.(0)=S(0) + S,,(0)
S_(0)=S(0) —S,,(0)=1
where S(0)=S,40) = S,,(0); S.(0) is the structure factor of the one-

component RS.
Coefficients (3.6) are reduced and the CV &, ; become equal to

ék‘|={cw a,(k)>0 é“:{l)k, a,(k)>0

3.12
P> ak) <0’ " Cy» ax(k) <0 ( )
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where

=2 PatPrs) =1/ (Pru=Prs)
a1(k) = ags(k) — 28,5 (k)/(NS , (k)

(3.13)

The new variables p, and ¢, are connected with total density fluctua-
tion modes and relative density (or concentration) fluctuation modes in
the binary system. The diagonal square form (3.7)—(3.8) transforms as
[independent of the sign of a,(k)]

——Z{[(a — (k) +1/NTcpe_y

+ [(alk) +oip(k) + 1/NS L (0)] pip i}

It follows from (3.9)-(3.13) in the case of a symmetrical mixture that
there exist two critical branches ¢,(0) and &,(0) and accordingly two sub-
spaces of CV ¢, and p, which include variables ¢, and p, connected with
the order parameters.

Let us consider the critical temperatures. Expressions (3.9)-(3.10)
contain the quantities & — &, and &+ &,,. There are two possible cases:
(a) |®|>|P,l and (b) |®|<|D,|. In case (a) the attractive energy
between “like” particles is stronger than that between “unlike” particles.
Separation of components can occur in the system. In case (b) the attrac-
tive interaction between “unlike” particles is stronger than that between
“like” particles and this is a condition of the existence of the mixture. In
Fig. 2 critical temperatures 0“(;7) (curve 1) and 73S %(#7) (curve 2) are plotted
vs. packing fraction # at r=0.5. Here 0‘(}7 =6%/p |®(0)| is the dimen-
sionless temperature, y=n/6ps®, p=N/V, N=N,+N,, and r is the
dimensionless “unlike” interaction strength: r= —& ,(0)/|®(0)| [the form
of ¢,;(r) is not specified]. The curve of the gas-liquid equilibrium (r=1.2)
1s shown by the dashed line in Fig. 2 and has the same form as the corre-
sponding curve in the one-component case. Both the curve § = 8{(») and the
curve 8 = §5(5) are composed of two branches meeting at 7* = 5_,,.(¥). The
different slopes of the two branches can be interpreted as an indication of
some difference in the physics of the transition undergone by the mixture.
Indeed, it is clear from formulas (3.9) that for 5 <x* the curve 6 =85(z) is
the line of the liquid-liquid phase equilibrium and for # > #* is the line of
the gas-liquid phase equilibrium. On the contrary, the curve 9=(7§(77) is
the gas-liquid phase equilibrium line for # <»* and is the gas—gas phase
equilibrium line for # > #*. The curves gj(n) and 55(;7) have one common
point, for which the gas-liquid and the separation critical points coincide.



Collective Variables Method for Multicomponent System 661
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Fig. 2. Dependence of critical temperatures of the symmetrical mixture on the packing
fraction; r=0.5 (solid curves) and r=1.2 (dashed curve).

The density »* corresponding to this point is determined from the
condition

65(n*) = 05(n*) (3.14)

or from the equation #(0)=0.

Now let us consider in Fig. 2 the line formed from the branch 5‘2‘(;7) for
n<n* and from the branch &(y) for n>n* and compare it with the
dashed curve. These curves have the same form. The two remaining parts
of 9{(;7) and §§(17) form a straight line. Hence for the symmetrical mixture
one can separate exactly the gas-liquid and the separation (demixing)
critical temperature lines. The existence of the point #* for which (3.14)
holds is connected with the simplicity of the model under consideration.
On the other hand, the existence of a point on the critical curve at which
the gas-liquid and the gas—gas separation critical temperatures coincide
was confirmed experimentally. It is the so-called critical double point.‘'*

The phase diagram of the symmetrical mixture is shown on Fig. 3.
Depending on the relationships between microscopic values &(0), &,,(0),
and S, (0), three, possible phase ranges can exist: (1) gas—gas separation
and gas-liquid phase transitions; (2) gas-liquid and liquid-liquid phase
transitions; (3) only gas-liquid phase transition.

Hence in the case of the binary symmetrical mixture we can make the
following conclusions: (1) as a result of the square form diagonalization in
(3.1) two CV subspaces were separated: the first with the order parameter
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Fig. 3. Three phase regions of the symmetrical mixture depending on the microscopic
parameters: (1) gas-gas and gas-liquid phase transitions; (2) gas-liquid and liquid-liquid
phase transitions; (3) gas-liquid phase transition.

and with the critical temperature 627, and the second with the other order
parameter and with the critical temperature §%°F; (2) since the CV describing
phase transitions are the vanables p, and ¢,, the variable p, describes the
long-wavelength fluctuation mode of the total particle number N=N,+ N,
(or total density) and connects with the order parameter whose nonzero
value arises below the gas-liquid critical point, and the variable ¢, describes
the long-wavelength fluctuation mode of the relative particle number
N,— N, (or relative density) and is connected with the order parameter for
the separation phase transition. The order of priority of the gas-liquid and
the separation phase transitions depends on the microscopic properties of
the system.

The purpose of our further study is the calculation of thermodynamic
functions in the vicinity of the gas—gas separation phase transition point.
We shall follow the program drawn in Section 2, namely: (1) having con-
verted from CV p, , and p, , to CV py and ¢y in (2.21), we shall integrate
over variables p, with the Gaussian density measure; (2) then we shall
construct the fourfold basic density measure with respect to variables ¢,;
(3) using a method proposed in ref 6, we shall integrate the partition
function in the vicinity of the gas—gas phase transition point (at 7> T. and
T< T,). We perform the first two steps of this program in the next section.

4. BASIC DENSITY MEASURE IN THE VICINITY OF
GAS-GAS SEPARATION CRITICAL POINT

We let y,, ¥, ¥, =a, b in (2.21) and pass to CV p, and ¢, by means
of formulas (3.11)—(3.12). Then we obtain
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E=5 f (dp) (dc) exp {ﬁ# ¥ po+Buico
—(BI2Y L L7 (k) pup _x+ 29U (K)
k

XpyC_+H(k) ckc_k]}l(p, c) 4.1

where the following notations are introduced:

pi =27t ) u =27 - ) (42)
4/7'(1() = (ﬂ l/2 [atm(k) + abb(k) + zaab(k)]
Uk)=(B"/2)[at,ulk) — (k)] (4.3)
W (k)= (B 12)[ &aalk) + tps(k) — 20, (k)]
J(p, c) d)/ (dw) {i2n wkpk+ykck)+ Z Z Dy )} (4.4)
nzl iz0
(Ok=2_l/-(vk,u+vk.b)’ 7k=2_”2("k.a_"k.b)
Df,""’(y,w)=[(—i27z)"/n!](2'/2/2)" Z M (0,..., 0)
ky---ky
X0k 4 st Vi Vi, Py D, (4.5)

The index i, is used to indicate the number of variables y, in the
cumulant expression (4.5). Cumulants .#'" are expressed as linear com-
binations of initial cumulants .4, ., and for y,,.,y,=a, b and n<4 are
represented in Appendix B.

Equations (1.12) can be rewritten in the form

¥n

din Z\/dfu} =(N,> +{N,) =(N> (4.6a)
din Z jdfu ={(N,> —{Ny» (4.6b)
In the case of the binary symmetrical mixture
Ak)=0 (4.7a)
Myl k) = My k) (4.7b)

and the square form under the integral (4.1) is diagonal. In this case the
index i, takes only even values (see Appendix B). The nth cumulant .# '/
with i, =0 is connected with the nth structure factor of the one-component
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hard-sphere system: #'®=(N) S,. Cumulants with i,#0 can be
expressed in terms of .#'® as follows:

MO =[ntj2! (n—2)1] A

n—1
MP =0l (n—BM =240 ) (4.8)
M = [n1f6! (n— )1 T(1SH 2y — 30.40) 4+ 1640 ¢

For simplicity of calculation and without loss of completeness let us
further assume that <1~5W,(k) =0 at |k| > k* (see Fig. 1). Then integrating in
(4.1) over py and ¢, with |k| > k* leads to J-functions. As a result for the
transition Jacobian we obtain an expression which has only one difference
in comparison with the old one, namely, all the sums over k are carried out
in a sphere of radius k* The quantity k* determines the sizes of the
Brillouin half-zones of a crystal lattice corresponding to the given system.
Here a new periodic function should be introduced in place of &,4(k):

B,5(k) =Y. Bs(k + 2k*n)

We multiply both sides of this equality by exp{ikr) and sum over all k with
k <k*:

(1/V) Y, &,sk) exp(ikr)

k <k*

= Y Y (1/V) ®,s(k + 2k*n) exp(ikr)

k<k* n

Let it be required that the right-hand side is a complete Fourier transform,
which is possible when 2nrk* is a multiple of 2z. Thus, r =mc, where
m=m_.i+m,j+mk; m,, m,, m, are integers, i, j, k are unit basic vectors,
and c is the size of the period of the simple cubic lattice. The number N*
of collective variables is determined by

N*=V/c* = Vk*/n)* = {NY(k*)? 6% /6n°n

In general, the quantity £* depends both on the form of the attractive
potential ¢,(r) and the diameter o as well as on the average density
and the temperature of the system. In the case when ¢,s(r) is the Morse
potential

$y5= —£,5{€xP[ —2(r — Ry5)/0t,5]1 — 2 exp[ —(r — R,5)/t,51}
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we have that

k*= a;:sl[4 - exp(RyJ/ayé)] 2 [exp(Ryé/ayJ) - 1] -z

Here exp(R,s/a,s) < 4.
After the integration over p, and ¢, with |k|>k* their number
reduces to N*. As a result, the partition function (4.1) can be rewritten as

E=Eof(dp)”' (de)™" exp {ﬁﬂfpwﬁu.‘co

—(B2) X [7(k) pup _x+ W (k) ckc—k]}‘](p’ ¢ (49)

k <k*

In (4.9) the new cumulants .# " differ from the previous ones by multipliers
ﬂ:i,.)’ = 'ﬂfli”)<N*>/< N

We shall calculate the partition function (4.9) in the vicinity of the
gas—gas separation phase transition point. According to results of the
previous section, the inequality 65 > 627 holds. It follows from (3.9)(3.10)
that we have the following relations between microscopic parameters of the
binary system in this case:

W (k) <0, |W (k)| > | MV (k)| (4.10)

The region 1 in Fig. 3 corresponds to these conditions. The CV p, do not
include the variable connected with the order parameter for the separation
phase transition. Thus we integrate over p, with the Gaussian density
measure. Let us eliminate the linear term in the exponent in (4.4) by a shift
P=pi— {N) 6,2'?/2 and present D{" in (4.4) as a sum of two terms

(in) — (i) (in)”
Dn" _Dn" -l_Dn'l

where
D = D)+ D@, ), D =Din(y)

Here D!®(w) includes only products of variables @,, D{"(w, y) includes
mixed products of both variables w, and y,, and D{"(y) includes only
products of variables y,. Let us consider the integral

822/81/34-9
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I= [ (dp) (deo) exp[ BiET CN*> — BCN*Y2/4) T/(0)]

xexp{—g S (k) pup _y+ R(0) +(—i27)2/2!

k<k*

1
x Y ,//l‘zo’wkco_k}<l +A2+5A§+ >

k <k*

X €Xp <i27z Y wkpk> (4.11)

k <k*

where the following notation is introduced
A =2""2uf,  RO)=paf —27"B(N*H/V) 7(0)
A=}, D

2z3
[in (4.11) the prime on p, and .#%» is omitted for clarity]. If in A4, the
operator d/dp, is substituted for i2nw,, (4.11) can be rewritten as

I=55(1+ <A +3<CAD + )

where
N*>? )
<~-->=(5’é)"exp[ﬂﬂﬁ—g<47>‘ﬁ”(0)} [T [ratP(k)1-'7
k <k*
N* l_g ‘74
x[(dp)¥ exp| RO)=5 ¥ 7(Kk) pup
2'k<k"
1 PyP _x
X ...exp<—2k<k. .///(20)> (4.12)
Zg=exp [ﬂﬂr AN 17‘(0)] [T (877 (k) P +117'7
4V k<k*
R*(0)
XCXP[ZV”(O)] {4.13)
Vik) =B (k) + 1,4 (4.14)

Finally after the integration over variables p, we obtain

E=5,5% I (do)™" exp [ﬁy,‘co—(,b’/Z) Y, #(k) ckc_k] J(c) (4.15)

k <k*
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where J(c¢) has the form

J(c)=f(dy)”‘ exp {i27z Y e+ 2 (—i2m)*/2n!

k<k* nzli

X2~ Z (_//{(Zn) + Ab,,) Yk Ykm,ékw +kln} (4.16)

2n
k; <k*

Here the values .# 5" are determined from (4.9) and 4.4, are corrections
obtained as a result of the integration over p,.

Let us now go through the assumptions that led us to the initial work-
ing formula. To investigate the qualitative picture of the events taking place
at the critical point itself and in a small neighborhood of it we confine our-
selves to fourth-degree polynomials in the expressions for In J(c),'® setting
M =0 and Ay, =0 for n=3 in (4.15).

It follows from (4.8) and (B.1) that

M = (N*> (4.17a)
M =3 M —2(N*) (4.17b)
Corrections 4.#, and 4.4, are determined from
Ay = —(1/12) M'P] ML + (1/50) ML) APV + (1/3) po>

X MP|MPD + (VI2{N*D) Y Lpyp > MPNAMDY + -+ (418)
k

AMy= —Q3NMEV) ML — (1/30) M )M + (1/4)

X (MP] MDYV — (1/200)( A Y /(A) + (1/1800)

x (MPVNAD)+ - +e (4.19)
¢ are terms of the form {p,, ---p, >, and {..-)> means the average of the

type (4.12). We shall evaluate contributions of 4.4, and 4.4, to (4.16). It
can readily be shown that

12vh k#0
{pod> =R(0)/V,,(0), <,,k,,_k>={ b #

Vl—ll‘*'[R(O)/Vu]z, k=0
We do not take into account terms <, --- p, > because Eq. (4.6a) leads to
R(0)=0 and V;' is a small value [B.7 (k) #\ <1]. Then using
(4.8)-(4.9), 4.4, and A.4, can be expressed in terms of structure factors of
the one-component hard-sphere system S,(0) [.#'!”=N*S,(0)]. The

822/81/34-10
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higher order structure factors can be obtained from S,(0) as done in ref. 9
by means of the familiar chain of equations for correlation functions."'*’ As
a result for 4.4, and 4.4, at n=0.15 we get [values S,(0) have been taken
from ref. 9]

AMy=0026+ -~ +(1/{N*DH0.035+ ) + -~ (4.20)
Adly= =342 +(0.084+0.004 + ---) + (I/{N*)
x(—0.013— - )+ (1/KN*D2 (001 + - )+ - (421)

It follows from comparison of formula (4.17a) with (4.20) that the
contribution of 4.4, to the second cumulant is very insignificant. On the
contrary, the first term of A.4,; in (4.21) has a significant influence on
the value .#,. It is clear from (4.17b) and (4.21) that for arbitrary » the
following equality holds:

MP =340 = —-2{N*)

As a result the partition function (4.15) transforms into the form

5:5056f(dy)"’"(dU)N'exp{ﬂ;Z,co—(ﬁ/Z) S W (k) ey

k<k*

+i27 Ty (—i2m)20 ()70 Y hyey o+ (—i2m)4 (2) 2

k<k* k<k*

XY oMb Ve Oue m} (422)

ki <k*

where .4, =(N*> +9J, = —2(N*>+7, and ¢ is a small value.
After the integration over y, in (4.22) we get

= CI wq) (de)™” (4.23)
where

C=50B4[ 2y, )1V A= o [{N®D (4.24)

coq(C) = Eexp [ﬁﬂlco—(lﬂ) Y dk) e,
k

~(aq/4!) Z
ki ky

dlky=ay—fH(k)=a,— BN*Y [ Bk)~ B (k)] (4.26)

('k("'ck,,5k|+-»-+k,.}~ k,<k* (425)
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[Z(.A,, #,)]1"" is the result of integration with respect to y, for k <k*,
Z( My, My) = [(12)'7/(27)] | My ~'1* &1 exp EK, 14 &) (4.27)

&= (3/4)(M)*/|H,)| and K,,(&) is the Bessel function of an imaginary
argument. The coefficients a, and a, are found from‘®

ay=(12)"? | M| "' H(E),  as=6 || "" L(&) (4.28)

H(&) =" [ K3l E)/K 1 1a(E)] -1}

(4.29)
L&) =6[A () +4L A (&) -1
The functions &'*K, 4(&), (&), and L(¢) are analytic functions on the
whole real ¢ axis. The relationships (4.23)-(4.29) and equations in the
chemical potentials (4.6b) are starting formulas in studies of the ther-
modynamic behavior of a binary system in the vicinity of the gas-gas
separation critical point. It follows from (4.23)-(4.26) that the form of
w,4(c) 1s analogous to the basic density measure of the 3D Ising model
obtained in ref. 6 [the only difference is the presence of the linear term
Bityco in (425)]. If we set #h=1 and .4, = —2 in (422) we have
;= 0.645 and a, ~ 0.183 [see (4.28)]. Analogous values for corresponding
coefficients were obtained in ref. 6. Having used the method of integration
of the partition function of the 3D Ising model'® in the vicinity of the
critical point, we found the thermodynamic functions of the binary sym-
metrical mixture at 7> T, and T< T, as functions of composition, tem-
perature, and Hamiltonian initial parameters. The results of our study will
be given in a subsequent paper.

5. CONCLUSIONS

The most important result of Section 2 is the explicit form of the
cumulants. Of special note are formulas (2.19)-(2.20), which make it
possible to find all the cumulants in the long-wavelength limit using
thermodynamic relationships, from the matrix of derivatives duj/dN;.
Partial chemical potentials can be found in their turn from the familiar
expression for the RS free energy.'' The final result of that section is the
expression for the functional of the grand partition function with explicit
expressions for Hamiltonian coefficients. This expression can be used in
studies of phase transitions in a multicomponent system.

The CV method with RS has been used in the investigation of phase
transitions in a binary system. The Gaussian approximation of the func-
tional of the grand partition function obtained in Section 2 has been
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studied in detail. It was shown that on the critical lines gas-liquid and
separation critical points can be identified completely in the case of a
symmetrical mixture. When the gas-liquid critical point is approached,
total density fluctuations grow; and when the separation critical point is
approached, fluctuations of relative density grow. For an asymmetrical
mixture the identification of the point on the critical line is not such a
simple task and both gas-liquid and separation phase transitions are
accompanied by total density fluctuations as well as by relative density
fluctuations. For a binary symmetrical system the relationships between the
microscopic parameters of the Hamiltonian which determine the alterna-
tion of gas-liquid and separation phase transitions have been found.

Upon integrating (4.1) over CV p, and ¢, with k>k* for which
inequalities (8/V) ¥ (k) #® <1 and (B/V) # (k) .#'? <1 hold there is a
transition to a crystal lattice. It was shown in Section 3 that the CV p, do
not include the variable connected with the order parameter for the separa-
tion phase transition. Thus in the given considerations, the CV p, are of
secondary importance. After integration over all p, the fourfold basic
density measure with respect to ¢, was constructed. It was shown that the
task can be reduced to the 3D Ising model.

APPENDIX A
We have
A4, =27 | —aul{4a}, + (au —am)* + (a4, — a4)
X [(agy— app)* +4a2, 1"} 7!
4y =2""" | —a,l/( — A g — Ay T [y — 4 )’
+4a2, 1" {4a2, + (au — apy)* (A, — agy)
X [(@ye— apy)* + a2, ]2 !

where the + and — signs correspond to i —1 and i— 2, respectively.

APPENDIX B

Cumulants .#{"(0) with n<4 are expressed in terms of initial
cumulants .4, .., (0,..,0) (y,.., y,=a, b) as follows:

M PN0) = M[(0) + M, (0) = (N
M0) = A[0) — y(0) = (N> — (N,
‘///(20)(0) = J/Iaa(o) + 'ﬂbb(o) + 2‘//[ab(0)
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M5 (0) = M, o(0) — My(0)
MN0) = M, (0) + Myp(0) — 2.4,,(0)

MN0) = My 0) + My (0) + 3[ M(0) + M1p(0)]
MEN0) = My 0) — My (0) + Myp(0) — M p(0)
MFNO) = My 0) + Mypp(0) — M 1p(0) — M,(0)

MN0) = My 0) — Myy(0) = 3[ M, (0) + M1p(0)]
MP(0) = My 0) + Mpyps(0)

+ 4 Mpaan(0) + Mpp(0) ] + 6M,1,(0)
MGNO) = M0 0) — Moy (0) + 2[ My 0) — Miipy(0) ]

MP0) = My 0) + My (0) — 2, 1(0)

MEN0) = My(0) — Mypp 0) — 2[ My 0) — Mo 0)]

MD(0) = M aa(0) + Mypy(0)

— AL M 0) + My 0) ] + 6 M 101(0) (B.1)

The same expressions hold at k, #0.
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